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We study the dihadron fragmentation functions (DiFF) of longitudinally polarized quarks into
pion pairs. The quark-jet framework is used to model the sequential hadronization of a polarized
quark into hadrons, where the polarization transfer to the remnant quark in each hadron emission
step is calculated using the spin density matrix formalism. Using Monte Carlo (MC) simulations of
the hadronization process, we find a nonvanishing helicity dependent DiFF, G⊥1 , which is also related
to the longitudinal jet handedness. A method is developed for extracting the angular moments
of this DiFF, which enter the expressions for the azimuthal asymmetries for an electron-positron
annihilation process into two pairs of hadrons from back-to-back jets and the dihadron production
in semi-inclusive deep inelastic scattering. Finally, we derive explicit integral expressions for DiFFs
where only two hadrons are emitted by a quark and use them to validate our MC results for both
unpolarized and helicity dependent DiFFs.
PACS numbers: 13.60.Hb, 13.60.Le, 13.87.Fh, 12.39.Ki
I. INTRODUCTION
In recent years a great deal of attention has been paid
to the study of the spin structure of the nucleon using
deep inelastic, semi-inclusive hadron production (SIDIS)
with two measured, unpolarized final state hadrons [1–3].
It was shown in Refs. [4–7] that this process allows one
to directly extract the collinear transversity parton distri-
bution functions (PDF) from a specific azimuthal single
spin asymmetry (SSA), where it is multiplied by the so-
called interference DiFF (IFF) H^1 . At the same time,
the two-hadron SIDIS cross section on a longitudinally
polarized nucleon also gives access to the helicity PDF,
which in this case is convoluted with the helicity depen-
dent DiFF G⊥1 . The latter is interesting both because it
has no analogue in the single unpolarized hadron produc-
tion case and because it is related to the long-predicted
quantity of longitudinal jet handedness [8]. Both H^1 and
G⊥1 are T-odd and can be extracted from the azimuthal
modulations in two hadron pair production process from
back to back jets in e+e− annihilation [9]. The measure-
ments from the BELLE experiment [10] yielded signifi-
cant results for the asymmetry involving IFF H^1 , that
were used in Refs. [11, 12] to fit parametrizations of H^1 .
Recently the BELLE experiment produced preliminary
results on SSA sensitive to G⊥1 , showing no signal within
the experimental uncertainties [13, 14]. Similarly, the
recent results from the COMPASS experiment [15] also
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showed no significant signal for SIDIS asymmetry that
involve helicity dependent DiFF.
The DiFFs have been already studied in the quark-
jet model, both for the case of an unpolarized [16, 17]
and transversely polarized quark [18]. In the first studies
the simplistic treatment of the polarization transfer dur-
ing the quark hadronization nevertheless created unphys-
ical modulations that had to be circumvented using ad-
ditional assumptions. However, more recently the quark-
jet hadronization framework has been developed to self-
consistently describe the hadronization of a quark [19]
with any polarization, where the polarization transfer
from the fragmenting to the remnant quark in each
hadron emission step has been calculated using the com-
plete set of twist-two transverse momentum dependent
(TMD) quark-to-quark splitting functions. Moreover,
MC implementation of the polarized quark hadroniza-
tion based on this framework was developed and imple-
mented in Ref. [20], and both the unpolarized and the
Collins fragmentation functions of pions produced in the
hadronization of a light quark were computed. The input
elementary quark-to-quark splitting functions (SF) used
in that work were derived using Nambu–Jona-Lasinio
(NJL) effective theory of quark interactions [21, 22].
In this work, we use this MC implementation of the
quark-jet model to study the dihadron correlations in
the hadronization of a quark with nonzero longitudinal
polarization. We aim to calculate the relative size of
the helicity dependent DiFF compared to the unpolar-
ized DiFF for pion pairs. Further, we derive integral
expressions for both these DiFFs in the case where only
two hadrons are emitted by the quark in order to validate
our MC results using an alternate method. Finally, these
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2derived integral expressions will elucidate the mechanism
for generating the dihadron correlations encoded by G⊥1 .
These results are independent of the transverse polariza-
tion component of the quark.
This paper is organized in the following way. In the
next section we briefly review the formalism for DiFFs.
In Sec. III we briefly describe the details of the MC sim-
ulations and the newly developed method for extract-
ing G⊥1 . We also present the results for the simulations
with different numbers of hadrons produced by the frag-
menting quark. In Sec. IV we validate the MC results
against integral expressions for the unpolarized and helic-
ity dependent DiFFs derived for two-step hadronization
process. In that section we also discuss the dynamical
mechanism for generating helicity dependent two-hadron
correlations. We present our conclusions in Sec. V.
II. FORMALISM OF THE DIFFS
In this section we briefly review the kinematics and
the formal definitions of the DiFFs, following Refs. [4–
7, 9]. The kinematics of dihadron fragmentation is de-
scribed by the momentum k of the initial quark q with
mass m fragmenting into two hadrons h1, h2 with mo-
menta P1, P2 and masses M1,M2. We define the light-
cone components of a 4-vector a as a± = 1√
2
(a0 ± a3).
The light-cone momentum fractions of the two hadrons
are then defined as zi = P
+
i /k
+. The total P and the
relative R momenta are defined as
P ≡ Ph = P1 + P2, (1)
R =
1
2
(P1 − P2), (2)
and the relevant light-cone momentum fractions are
z = z1 + z2, (3)
ξ =
z1
z
= 1− z2
z
. (4)
The two most common coordinate systems used in de-
scribing DiFFs are the so-called ⊥ and T systems de-
picted in Figs. 1 (a) and (b), respectively. We denote the
components of a 3-vector a, perpendicular to the zˆ and
zˆ′ axes in these two systems, as a⊥ and aT .
We can relate the ⊥ and T components of vectors in
the two systems by considering a Lorentz transformation,
which preserves the light-cone momentum fractions and
results in quark acquiring transverse momentum kT in
the T system. The corresponding transformation matrix
reads [23]
Λµν =

1
k2T
(k+)2
k1
k+
k2
k+
0 1 0 0
0 k
1
k+ 1 0
0 k
2
k+ 0 1
 , (5)
(a)
(b)
FIG. 1. Common frames used in defining DiFFs: (a) the ⊥
system where the fragmenting quark’s 3-momentum k is along
the zˆ axis (b) the T system where the total 3-momentum of
hadrons P is along the zˆ′ axis.
where µ, ν ∈ {+,−, 1, 2}. Then one easily finds
P1T = P1⊥ + z1kT , (6)
P2T = P2⊥ + z2kT . (7)
The relations for the total and relative transverse mo-
menta of the hadron pair imply that:
kT = −P⊥
z
, (8)
RT =
z2P1⊥ − z1P2⊥
z
= (1− ξ)P1⊥ − ξP2⊥. (9)
The formal definition of DiFFS is given using the so-
called quark-quark correlator in the T system [4, 6, 9]
∆ij(k;P1, P2) (10)
=
∑
X
∫
d4ζeik·ζ〈0|ψi(ζ)|P1P2, X〉〈P1P2, X|ψ¯j(0)|0〉.
In particular, the DiFFs are defined via projections of
the quark-quark correlator, defined for a Dirac operator
Γ as
∆Γ(z, ξ,k2T ,R
2
T ,kT ·RT ) (11)
=
1
4z
∫
dk+Tr[Γ∆(k, P1, P2)]|k+=P+h /z.
The expressions for all four leading order DiFFs of a po-
larized quark into an unpolarized hadron pair are
∆[γ
+] =D1(z, ξ,k
2
T ,R
2
T ,kT ·RT ), (12)
∆[γ
+γ5] =
ijT RTikTj
M1M2
G⊥1 (z, ξ,k
2
T ,R
2
T ,kT ·RT ), (13)
∆[iσ
i+γ5] =
ijT RTj
M1 +M2
H^1 (z, ξ,k
2
T ,R
2
T ,kT ·RT ) (14)
+
ijT kTj
M1 +M2
H⊥1 (z, ξ,k
2
T ,R
2
T ,kT ·RT ),
3where D1 is the unpolarized DiFF and G
⊥
1 the helic-
ity dependent DiFF describing the correlations between
the total and relative transverse momenta of the pair
and the longitudinal polarization of the quark. The two
remaining DiFFs describe the correlations between the
transverse polarization of the quark and the transverse
momenta: the analogue of the Collins function H⊥1 en-
codes the correlations with the total transverse momen-
tum, while the IFF H^1 encodes correlations with the
relative transverse momentum.
The relevant parts of the integrated cross section for
back-to-back creation of two dihadron pairs in e+e−
annihilation involve only the following integrals of the
DiFFs [9]
D1(z,M
2
h) =
∫
dξ
∫
dϕR
∫
d2kT (15)
× D1(z, ξ,k2T ,R2T ,kT ·RT ),
G⊥1 (z,M
2
h) =
∫
dξ
∫
dϕR
∫
d2kT (16)
× (kT ·RT ) G⊥1 (z, ξ,k2T ,R2T ,kT ·RT )
while for the transverse polarization-dependent DiFFs
H^1 (z,M
2
h) =
∫
dξ
∫
dϕR
∫
d2kT (17)
× |RT |H^1 (z, ξ,k2T ,R2T ,kT ·RT ),
H⊥1 (z,M
2
h) =
∫
dξ
∫
dϕR
∫
d2kT (18)
× |kT | H⊥1 (z, ξ,k2T ,R2T ,kT ·RT ),
where ϕR is the azimuthal angle of vector RT and the
invariant mass of the hadron pair Mh is employed to
replace |RT | in the integrand using the relation
R2T = ξ(1− ξ)M2h −M21 (1− ξ)−M22 ξ , (19)
M2h = P
2. (20)
The unintegrated DiFFs in Eqs. (12)-(14) are even
functions of the relative azimuthal angle ϕRK ≡ ϕR−ϕk
between the vectors kT and RT , since they only depend
on the scalar product (kT ·RT ). Thus, in general their
Fourier decomposition in angle ϕRK would involve only
cosine moments. We define the n-th Fourier cosine mo-
ment of G⊥1 in expansion withe respect to ϕRK as
G
⊥,[n]
1 (z,M
2
h) =
∫
dξ
∫
dϕR
∫
d2kT (21)
× |kT ||RT | cos(n · ϕRK) G⊥1 (z, ξ,k2T ,R2T ,kT ·RT ).
We note that in e+e− annihilation cross section con-
tains only the first moment of this decomposition, shown
in Eq. (16). On the other hand, the F
sin(ϕh−ϕR)
UL struc-
ture function (see, e.g. Eq. (B3) in Ref. [4]) in SIDIS
cross section can in general be decomposed into infinite
Fourier series with respect to cos(ϕh − ϕR). In turn,
these moments can be expressed as convolutions of helic-
ity PDF and combinations of Fourier cosine moments of
G
⊥,[n]
1 . A similar approach using decomposition in terms
of spherical harmonic with azimuthal angle ϕRK has been
presented in Ref. [24]. Naturally, the Fourier cosine mo-
ments we use here can be related to these spherical har-
monics, as they both encode the same initial functions.
III. MONTE CARLO SIMULATIONS
A. Extracting DiFFs from polarization-dependent
number densities
In this subsection we describe the method developed
for extracting the DiFFs using MC approach. Within
this approach we calculate various number densities by
averaging over a large number of MC simulations of the
quark hadronization process. These number densities can
be expressed in terms of the corresponding fragmentation
functions, allowing us to extract them from these number
densities using the corresponding azimuthal modulations.
In the case of production of two unpolarized hadrons by a
longitudinally polarized quark, the relevant number den-
sity, according to Eqs. (12) and (13), can be expressed
as
F (z, ξ,kT ,RT ; sL) = D1(z, ξ,k
2
T ,R
2
T ,kT ·RT ) (22)
+ sL
(RT × kT ) · zˆ
M1M2
G⊥1 (z, ξ,k
2
T ,R
2
T ,kT ·RT ) .
This can also be expressed in terms of the azimuthal an-
gles ϕk and ϕR of the vectors kT and RT
F (z, ξ,kT ,RT ; sL) = D1(z, ξ,k
2
T ,R
2
T , cos(ϕRK)) (23)
− sLRT kT sin(ϕRK)
M1M2
G⊥1 (z, ξ,k
2
T ,R
2
T , cos(ϕRK)).
The unpolarized and helicity dependent DiFFs of
Eqs. (15,16) then can be extracted from the number den-
sity
D1(z,M
2
h) =
∫
dξ
∫
dϕR
∫
d2kT (24)
× F (z, ξ,kT ,RT ; sL),
G⊥1 (z,M
2
h) = −
M1M2
sL
∫
dξ
∫
dϕR
∫
d2kT (25)
× cot(ϕRK)F (z, ξ,kT ,RT ; sL).
In this work we concentrate on calculating M2h inte-
grated DiFFs, which are defined as
D1(z) =
∫
dξ
∫
d2RT
∫
d2kT (26)
× D1(z, ξ,k2T ,R2T ,kT ·RT ),
4G⊥1 (z) =
∫
dξ
∫
d2RT
∫
d2kT (27)
× (kT ·RT ) G⊥1 (z, ξ,k2T ,R2T ,kT ·RT ) .
The corresponding expressions in terms of the number
density are
D1(z) =
∫
dξ
∫
d2RT
∫
d2kT (28)
× F (z, ξ,kT ,RT ; sL),
G⊥1 (z) = −
M1M2
sL
∫
dξ
∫
d2RT
∫
d2kT (29)
× cot(ϕRK)F (z, ξ,kT ,RT ; sL).
Finally, throughout this work we will use the definition
G˜⊥1 (z) ≡
1
M1M2
G⊥1 (z), (30)
to simplify the notation.
B. The quark-jet model simulations
In this subsection we describe the quark-jet MC sim-
ulation framework, used in the current study of the
DiFFs, which has been developed over recent years [16–
18, 20, 25, 26]. We use the most recent evolution of the
quark-jet framework, as detailed in Refs. [19, 20] to model
the hadronization of a quark with a longitudinal polariza-
tion. The schematic depiction of the framework in Fig. 2
displays the sequential emission of hadrons h1, h2, etc.,
where the polarization of the remnant quark after each
emission is determined by the corresponding spin density
matrix. We choose a pre-determined number of hadron
emissions, NL, for terminating each hadronization chain
and use MC to calculate the number densities for dif-
ferent hadron pairs. The input quark-to-quark SFs are
calculated using the Nambu–Jona-Lasinio (NJL) effec-
tive quark interaction model [21, 22]. The details of the
model calculations and parameters are described in detail
in Ref. [20]. In this work, we forgo the QCD evolution of
the DiFFs [27] we computed using the low-energy NJL
effective model input. The evolution would be necessary
for accurate direct comparisons with the experimental
FIG. 2. The extended quark-jet framework.
results obtained at various large energy scales. We per-
formed such studies in our previous work for the unpolar-
ized DiFFs calculated within the same model in Ref. [16],
showing that the QCD evolution shifts the shape of the
DiFFs towards lower z region. To mimic such effects for
the qualitative comparisons made in this article, we use
the ansatz with all the input SFs multiplied by a factor of
(1− z)4. It is worth noting, that the particular choice of
the input SFs does not affect the qualitative features of
the computed DiFFs. Rather, the dominant aspects are
the transverse momentum and spin transfer mechanisms
within the quark-jet framework. All the results shown in
this work are obtained by setting sL = 1, and sT = 0.
Our first task is to test the method of extracting the
DiFFs described in Sec. III A, considering pi+pi− pairs
produced with the smallest possible value of NL = 2. For
this purpose, in Fig. 3 we show,using a black solid line,
the ϕRK dependence of the function F from Eq. (23),
integrating over all the other variables. It obviously is
not an even function of ϕRK , indicating a nonzero term
associated with G⊥1 in Eq. (23). The dashed and dash-
dotted lines represent the even and the odd parts of this
function, corresponding to the unpolarized and the helic-
ity dependent DiFF terms, respectively. The blue dotted
line is the odd part of F , multiplied by cot(ϕRK). It is
clear, that the integral of the red dashed and the blue dot-
ted lines over ϕRK correspond to the z-integrated values
of D1(z) and G˜
⊥
1 (z). Thus, we can ensure that the mul-
tiplication by the cot(ϕRK) does not produce discontinu-
ities for ϕRK = {0, pi}, yielding reliable estimates for G˜⊥1 .
We have to note though, that such extraction requires a
large enough number of MC simulations to sufficiently
suppress the statistical fluctuations. In calculating the
z-dependence of D1 and G˜
⊥
1 , we use a similar procedure
involving the z-unintegrated form of F . In this work we
F
FE
FO
FO cot(𝝋RK)
u π+ π -, NL = 2−0.05
0
0.05
0.10
𝝋RK0 π/2 π 3π/2 2π
FIG. 3. The MC results for the longitudinal spin correlations
in pi+pi− pairs for a hadronization of a u quark with NL =
2. The horizontal axis represents the azimuthal angle ϕRK ,
while the vertical axis represents the magnitudes of the z-
integrated number densities and their modulations. The black
solid curve depicts the total number density F , the red dashed
and orange dash-dotted curves represent the even (FE) and
odd (FO) parts of F with respect to ϕRK , and the blue dotted
curve is the FO multiplied by cot(ϕRK).
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FIG. 4. Comparison of MC results for D1(z) (a), G˜
⊥
1 (z) (b),
and their ratios (c) for various values of NL.
used 1012 MC events to calculate the polarized number
densities, allowing us to reliably extract the DiFFs for
100 discretization points of z ∈ [0, 1] and 200 discretiza-
tion points for ϕRK ∈ [0, 2pi).
The results for the z-dependent extractions of D1, G˜
⊥
1 ,
and their ratios of the pi+pi− pairs are depicted in Fig. 4.
Here the black solid , the red dotted , the blue dashed
and the orange dash-dotted lines depict the results for
NL = 2, 3, 4, and 6, respectively. It is clear that the
function D1(z) increases rapidly in the small-z region
with increasing number of produced hadrons NL, due to
the large combinatorial factors in selecting pairs from an
u π+π -
z1,2 ≥ 0.1
NL=2
NL=3
NL=4
NL=6
D 1
(z)
0
1
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4
z
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
(a)
u π+π -
z1,2 ≥ 0.1
NL=2
NL=3
NL=4
NL=6
G⊥ 1
(z)
−0.05
0
0.05
0.10
0.15
0.20
z
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
(b)
u π+π -
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NL=2
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NL=6
G⊥ 1
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 / D
1(z
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−0.05
0
0.05
0.10
0.15
0.20
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0.30
z
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
(c)
FIG. 5. Comparison of MC results for D1(z) (a), G˜
⊥
1 (z) (b),
and their ratios (c) for for various values of NL. The cuts
z1,2 ≥ 0.1 are imposed in these results.
expanding set of final particles. It is also remarkable to
see a nonvanishing signal for G˜⊥1 (z), which gets smaller
with an increasing number of produced hadrons because
of the destructive interference of oppositely signed signals
for the pairs produced at different ranks. Nevertheless,
the results for the ”analyzing power” of the G˜⊥1 (z) mod-
ulations of the number density F , depicted in Fig. 4(c),
show that only in the large-z region is there a significant
signal that can be possibly measured.
The plots in Fig. 5 are analogous to those in Fig. 4, ex-
cept that here an additional cut is placed upon the mini-
6mum values of z for each member of the pair, z1,2 ≥ 0.1.
Such cuts are common in experimental settings, and for
example in SIDIS are mainly aimed at separating the
current and target fragmentation regions. Thus it is
important to evaluate the impact on our results. The
plots show the expected suppression of the unpolarized
DiFF with respect to the previous case, as the hadrons
with increasing rank on average carry decreasing values
of light-cone momentum z, thus the high-ranked hadrons
are often excluded from the pairs due to the cut criterion.
On the other hand, the impact on the helicity dependent
DiFF is less significant, since the bulk of the effect is gen-
erated by the first two produced hadrons. This results
in a slight increase of the analyzing power in the mid-z
range, making it less peaked towards large z.
Next, we plot the results for all possible types of pion
pairs in Fig. 6 for NL = 6, both without and with the
z cut. It is interesting to see, that pi+pi+ pairs have an
opposite sign and similar magnitude to the pi+pi− case.
Here, in the same-signed pairs we assign the hadron with
the larger z as the first member of the pair. Without such
a choice for z-ordering, all the results for the same-signed
pairs vanish, as expected from the symmetry considera-
tions.
The SIDIS cross section for two hadron production
contains all the cosine moments of G⊥1 . In Fig. 7 we
NL=6
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(b)
FIG. 6. The ratio G˜⊥1 (z)/D1(z) for different pion pairs (a),
and the cuts of z1,2 ≥ 0.1 (b), for simulations with NL = 6.
u π+π -
NL=6, z1,2 ≥ 0.1 [n=0]
[n=1]
[n=2]
[n=3]
[n=4]
G⊥
, [n
]
1
(z)
0
0.05
0.10
0.15
0.20
0.25
z
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
FIG. 7. The first five Fourier cosine moments of G˜⊥1 (z) for
pi+pi− pairs and NL = 6, imposing the cuts of z1,2 ≥ 0.1.
we present the first five moments for pi+pi− and NL = 6,
extracted from the polarized number density in a analo-
gous manner to the first moment. Here only the results
with cuts z1,2 ≥ 0.1 are presented.
IV. MC VALIDATION
In this section we validate our MC simulations in two
ways. First, we use combinatorial arguments to calculate
the total number of all pi+pi− pairs for a given NL and
compare these calculations to the results from MC sim-
ulations. Second, we derive explicit integral relations for
the z dependence of the DiFFs for the case NL = 2, and
compare them with the MC results.
A. Unpolarized DiFFs - Total number of dihadron
pairs
It is useful to calculate the number of the dihadron
pairs of a given type (pi+pi−, pi0pi0, etc) for a fixed num-
ber of produced hadrons, where we integrate over all vari-
ables. Here we will limit ourselves to consider only pions
produced by the u, d quarks. Let us look at the initial
u quark producing NL pions, and at each step the total
probability of producing a charged pion has an isospin
factor of 1, while the neutral pion has a isospin factor of
1
2 . In the quark-jet framework, the total probability of
producing a hadron at each step is 1, then the probabil-
ity of producing a charged pion is 23 , while for a neutral
is 13 .
It is important to note that, because of flavor conser-
vation, the first produced charged pion should be a pi+,
and each subsequent charged pion should have an alter-
nate charge. Neutral pions can be produced at any stage
without such limitations. First, we count the number of
different cases when producing n0 neutral pions, where
0 ≤ n0 ≤ NL. Let us start with one of the possible
7scenarios for n0 produced hadrons
(
NL−n0︷ ︸︸ ︷
pi+, pi−, pi+, ...,
n0︷ ︸︸ ︷
pi0, pi0, pi0). (31)
The number of all possible permutations of this set is
NL!. Thus number will be over-counting the cases with
all permutations of just pi0s, which is n0!. Also, for a
given n0, there is only a single ordering of the charged
pion possible, as a permutation of any two same charged
hadrons would yield an identical set, while a permutation
of opposite signed hadrons would yield an invalid set that
violates flavor conservation. Thus, we should also divide
the total number of sets by all possible permutations of
the charged pions, that is (NL−n0)!. Then, the number
of such combinations is
Nn0 =
NL!
n0!(NL − n0)! ≡ C
n0
NL
. (32)
and the probability of producing any such combination
is
P (n0) =
(2
3
)NL−n0(1
3
)n0
. (33)
Just a quick verification of our formula can be obtained
by calculating the total probability of producing NL
hadrons (all possible combinations) in NL steps, given
by
P =
n0=NL∑
n0=0
Nn0P (n0) = 1, (34)
as expected.
The number of various pipi pairs in each combination is
N (pi
+pi−)(n0) = U
(NL − n0
2
)
D
(NL − n0
2
)
, (35)
N (pi
0pi+)(n0) = n0 U
(NL − n0
2
)
, (36)
N (pi
−pi0)(n0) = D
(NL − n0
2
)
n0, (37)
N (pi
+pi+)(n0) = C
2
U
(
NL−n0
2
), (38)
N (pi
−pi−)(n0) = C
2
D
(
NL−n0
2
), (39)
N (pi
0pi0)(n0) = C
2
n0 , (40)
where the U(n), D(n) functions round up and down to
the nearest integer.
Finally, the mean number of producing a pi+pi− pair
after NL emissions is
N (pi+pi−)(NL) =
n0=NL∑
n0=0
Nn0P (n0)N
(pi+pi−)(n0) (41)
=
n0=NL∑
n0=0
Cn0NL
(2
3
)NL−n0(1
3
)n0
U
(NL − n0
2
)
D
(NL − n0
2
)
.
NL N (pi+pi−) N (pi+pi−)N N (pi
+pi−)
MC N (pi
+pi−)
MC,zmin
2
4
9
0.44444 0.4444 0.350175
3
28
27
1.03704 1.03694 0.683999
4
152
81
1.87654 1.87641 0.959588
5
712
243
2.93004 2.92992 1.11531
6
3068
729
4.2085 4.20882 1.18162
7
12484
2187
5.70828 5.70867 1.20282
8
48752
6561
7.43057 7.43047 1.20809
TABLE I. The number of pi+pi− pairs N (pi+pi−) for a given
number of produced hadrons NL. The numbers in the third
row are the approximate numerical values obtained via the
Eq. (41), while those in the fourth row are the results of the
numerical simulations and Eq. (42). The last row shows the
results form the same MC simulations with cuts on minimum
value of z for each hadron in the pair: z1,2 ≥ zmin = 0.1.
It is also clear that this number is simply the integral
over z of the unpolarized DiFF extracted from MC sim-
ulations with NL produced hadrons.
N (pi+pi−)MC (NL) =
∫ 1
0
dz Du→pi
+pi−
1,[NL]
(z) (42)
The results of the calculations both using Eq. (41) and
Eq. (42) for a range of values of NL are presented in
Table I. We see very good agreement between the two
methods, given the discretization errors of the MC sim-
ulations. The last row in Table I represents the results
of MC simulations with cuts on minimum value of z for
each hadron in the pair, z ≥ zmin = 0.1.
B. Two-step process and validation
Here we aim to validate our MC results for both unpo-
larized and helicity dependent DiFFs by deriving explicit
integral relations when an initial u quark produces only
a single pi+pi− pair. We used a similar approach in sec-
tions IIC and IVA of [20] to derive similar expressions
for the unpolarized and unfavored Collins function for a
u → pi− fragmentation for the case of two-hadron emis-
sion. We briefly review the kinematics setup here, and a
more detailed description can be found in Ref. [20].
In the quark-jet framework, the fragmenting quark q
(the initial u quark), emits a hadron h1 (a pi
+ in our cal-
culations), leaving a remnant quark q1 (a d quark) carry-
ing light-cone momentum fraction η1 and transverse mo-
mentum component p1⊥, where the transverse direction
8is defined with respect to the three-momentum vector of
q. The initial and remnant quark’s spin 3-vectors are
denoted as sq = (0, sL) and sq1 = (sT1 , sL1). In the sec-
ond hadronization step, the quark q1 emits a hadron h2
(a pi−) with light-cone momentum fraction η2 and trans-
verse momentum p2⊥ with respect to the 3-momentum
direction of q1. We can then easily calculate the momen-
tum of h2 in the initial frame using the Lorentz trans-
formation in Eq. (5).The number density for the process
of u→ pi+pi− is simply the product of the corresponding
number densities for each of these two steps
F
(2)
q→h1h2(η1,p1⊥, η2,p2⊥; sq) (43)
= fˆq→q1(η1,p1⊥; sq) · fˆq1→h2(η2,p2⊥; sq1) ,
where the elementary probability densities can be ex-
pressed in terms of the elementary TMD SFs
fˆq→q1(z,p⊥;s) (44)
= Dˆ(q→q1)(z, p2⊥) +
(p⊥ × sT ) · zˆ
zMq1
Hˆ⊥(q→q1)(z, p2⊥),
fˆq→h(z,p⊥;s) (45)
= Dˆ(q→h)(z, p2⊥) +
(p⊥ × sT ) · zˆ
zmh
Hˆ⊥(q→h)(z, p2⊥),
The remnant quark’s polarization is determined using the
quark spin density matrix formalism, which for an initial
longitudinally polarized quark reads
sT1 =
1
fˆq→q1(η1,p1⊥; sq)
(46)
×
(
p′1⊥
η1Mq1
Dˆ⊥T (η1, p
2
1⊥)−
p1⊥
η1Mq1
sLGˆT (η1, p
2
1⊥)
)
,
sL1 =
1
fˆq→q1(η1,p1⊥; sq)
sL GˆL(η1, p
2
1⊥), (47)
and p′1⊥ ≡ (−p1y, p1x). Here Dˆ, Dˆ⊥T ,GˆL, GˆT , and Hˆ⊥ are
the TMD elementary SFs. A quark model calculation of
all the eight quark-to-quark and the two quark-to-hadron
TMD SFs has been done in Ref. [20] using the spectator
approach. Note, that only sT1 contributes to F
(2)
q→h1h2 ,
as can be seen from Eq. (45).
The momenta of h1 and h2 are obtained using the mo-
mentum conservations and the Lorentz transformations
similar to that in Eq. (5) to calculate the transverse mo-
menta of h2 in the initial quark’s system
z1 = 1− η1, P1⊥ = −p1⊥, (48)
z2 = η1η2, P2⊥ = p2⊥ + η1p1⊥. (49)
The final results for the z-dependence of the unpolar-
ized and helicity dependent DiFFs are
D
(2)
1 (z) =
∫ 1
0
dη1
∫ 1
0
dη2 δ
(
z − 1 + η1(1− η2)
)
(50)
× Dˆq→q1(η1) Dˆq1→h2(η2),
IE
MC
u π+ π -, NL = 2
D(
2) 1
(z)
0
0.4
0.8
1.2
z
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
(a)
IE
MC
u π+ π -, NL = 2
G⊥
(2)
1
(z)
0
0.05
0.10
0.15
0.20
z
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
(b)
FIG. 8. Comparison of results of D1(z) (a), and G˜
⊥
1 (z) (b)
of integral expressions (IE) and MC results for pi+pi− pair
produced for NL = 2 in the quark-jet picture.
and
G˜
⊥(2)
1 (z) = −pi2
∫ 1
0
dη1
∫ 1
0
dη2 δ
(
z − 1 + η1(1− η2)
)
×
∫
dp21⊥
∫
dp22⊥
η2(1− η2)p21⊥ − (1− η1)p22⊥
z
(51)
× 1
η1Mq1
Gˆq→q1T (η1, p
2
1⊥)
1
η2M2
Hˆ⊥(q1→h2)(η2, p22⊥).
It is important to note, that the above results are ob-
tained only using the quark-jet formalism and the spin
transfer mechanism, and do not depend on the underly-
ing quark models used to calculate the particular forms
of the SFs.
The plots in Fig. 8 depict the results for the unpo-
larized DiFF (a) and the helicity dependent DiFF (b),
calculated both using the MC method (plotted with red
points) and the explicit integral relations in Eqs. (50,51)
(plotted with black lines) for NL = 2. We observe ex-
cellent agreement between the two methods, both for the
unpolarized and the helicity dependent DiFFs, validating
our calculations.
It is also worth examining the structure of Eq. (51),
which elucidates the microscopic mechanism for generat-
ing the helicity dependent DiFFs in the quark-jet frame-
work. Here the ”worm-gear” type elementary splitting
9function GT for the first quark-to-quark process, describ-
ing the correlation of the transverse polarization of the
remnant quark with the longitudinal polarization of the
fragmenting quark, is convoluted with the elementary
Collins function H⊥ for the second hadron emission. The
latter describes the correlation of the emitted hadron’s
transverse momentum with the quark’s transverse polar-
ization. Thus, even in the case of longitudinal polar-
ization, the Collins effect in the single hadron emission
process, together with the momentum recoil mechanism
of the quark-jet framework, is responsible for generat-
ing two-hadron correlations with the initial longitudinal
polarization. This is a fascinating result, as naively the
Collins effect is associated with the correlations involving
transverse polarization. Finally, we have to note that it
is possible for a helicity dependent two hadron correla-
tion to be generated by the so-called interference mech-
anism of the hadron pair produced in different channels
(let us say as decay products of resonances emitted by
the quark), as detailed in Ref. [4]. Nevertheless, such
calculations are beyond the scope of this work.
V. CONCLUSIONS
Spin-dependent correlations in two-hadron fragmenta-
tion functions provide a wealth of information about the
hadronization process. Moreover, they provide an ad-
ditional method for exploring the momentum and spin
structure of the nucleon via two-hadron SIDIS measure-
ments. Nonetheless, these DiFFs are still not very well
known. This is especially true for the helicity depen-
dent DiFF G⊥1 , as the most recent efforts to measure
the asymmetries involving this function in back-to-back
two hadron production in e+e− annihilation produced no
significant signal.
In this work we have described the helicity dependent
two-hadron correlations in hadronization of a longitudi-
nally polarized quark using the quark-jet hadronization
framework. We derived the method for extracting the
G⊥1 function from the number density of hadron pairs
produced by a polarized quark in Sec. III A. Then, we
used the NJL model input quark TMD splitting func-
tions to perform MC simulations of the linearly polarized
quark and calculated the corresponding number densities
in Sec III B. The results showed nonzero, but small signal
for the helicity dependent DiFF, as depicted in Figs. 4(b)
and 5(b). The corresponding analyzing power is small
and sharply peaked towards large values of z, and the
cuts in z often used in experimental setup only moder-
ately enhance the signal in the medium-z region. For
comparison, the analyzing powers of pion Collins frag-
mentation functions, computed within the same model
and plotted in Fig. 8(c) of Ref. [20], raise quickly and
plateaux starting in the small-z region at a value with
equal or greater magnitude to the maximum of the ana-
lyzing power for the helicity dependent DiFF. These can
help to explain the nonobservation of the signal in the
existing experimental measurements [13, 14]. We also
explored all the different pion pairs, showing that pairs
of positively charged pions have a similar magnitude and
opposite sign to the G⊥1 results expected for pi
+pi− pairs,
making them good candidates for future studies.
Thus far, we discussed the first Fourier cosine moment
of G⊥1 entering into e
+e− annihilation cross section, de-
fined in Eq. (16). The COMPASS Collaboration [15] has
measured the SIDIS two hadron production asymmetries
A
sin(φh−φR)
UL and A
sin(2φh−2φR)
UL , which contain several of
the cosine moments of G⊥1 . The results of our calcula-
tions of the first five of these moments for pi+pi− pairs
for NL = 6, depicted in Fig. 7, showed a significant de-
crease in the size of the signal with the increase of the
moment n. These results supported the nonobservation
of significant asymmetries in COMPASS measurements.
Finally, we validated our MC method in Sec. IV. Here
we first derived expressions for the integrals of D1(z) over
z for different values of NL, using combinatoric argu-
ments. We showed, that these analytic results match ex-
tremely well with those obtained using the MC method.
Further, we derived explicit relations for both D1(z) and
G⊥1 (z) for the case of only two hadron production. Again,
we found a perfect match to the results obtained using
MC simulations. These steps validate our method com-
pletely. Moreover, there are two important insights ob-
tained in that section. First, the results in Table I indi-
cate quite rapid convergence of the results with a z-cut, as
also seen seen from plots in Fig. 5 for the z-unintegrated
case. Second, Eq. (51) provides an interesting insight
into the microscopic mechanism for creating such two-
hadron correlations with the longitudinal polarization of
the fragmenting quark. Here the ”worm-gear” type split-
ting function GT creates a correlation between the trans-
verse spin of the intermediate quark in the hadronization
process, which in turn is correlated with the transverse
momentum of the second emitted hadron via Collins ef-
fect. Thus, it is safe to note, that the Collins effect has
a crucial role also in creating this asymmetry.
Future work includes analogous studies of the DiFFs
responsible for the two-hadron momentum correlations
with the transverse spin of the quark. We performed
a detailed study of the dependence of the unpolarized
DiFF on both z and M2h within the quark-jet model in
Ref. [16], where the inclusion of the vector mesons and
their strong decays proved crucial to describe the invari-
ant mass spectrum. We also studied what are the rel-
evant contributions of the ”primary” emitted pions and
koans versus those produced by the vector meson decays
to the unpolarized DiFF. The recent experimental and
MC studies of the unpolarized DiFFs by BELLE Col-
laboration in Ref. [28] strongly support these findings.
The correlations between the z and M2h dependencies
were also explored, and it has been shown that differ-
ent z regions emphasize the contributions of the differ-
ent resonances in M2h spectrum. The main motivation
for exploring the M2h dependence is to find the signa-
tures of the interference effects between the two hadrons
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produced in the decays of the resonances, that would
generate the polarization-dependent DiFFs. In our work
we showed that the interference effects involving just the
single hadron production (Collins effect) generates the
helicity-dependent DiFF. In this work, we omitted the
vector mesons altogether, as the first step in describing
the polarized DiFFs within the self-consistent description
of the polarized quark hadronization. Thus, we chose not
to discuss the M2h dependence knowing the obvious lack
of the resonant structures there. We leave such detailed
analysis to future work, when we consider the vector me-
son production and their strong decays. Finally, we very
roughly mimicked the effects of QCD evolution on DiFFs
in this work by using he (1 − z)4 ansatz for the input
TMD splitting functions. In future work with a more
complete model, we will use QCD evolution for critical
comparisons of our results with the experiment.
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